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Laminar Mixed Convection from a Circular Cylinder Using a
Body-Fitted Coordinate System

Cha’o-Kuang Chen,* Yue-Tzu Yang,t and Sang-Ru Wui
National Cheng Kung University, Tainan, Taiwan, Republic of China

A numerical investigation of laminar mixed convection from a horizontal isothermal cylinder is presented.
The governing equations in terms of the stream function, vorticity and temperature are expressed in a body-
fitted coordinate system and solved numerically by the spline alternating direction implicit method. Results are
presented for Reynolds number Re from 20 to 100 with Grashof numbers up to Gr = 5Re?. The Prandtl number
was kept at a constant value of 0.7. Results are presented for the streamlines, velocity vectors, and isotherms
as well as the local and average Nusselt number at different values of the Reynolds number and Grashof number.
Comparison with previous experimental results shows good agreement.

Nomenclature

Grashof number, gB(T, ~ T.)(2R)*/v*
convective heat transfer coefficient
Jacobian

thermal conductivity

local Nusselt number, 2Rh/k
average Nusselt number
coordinate control function
Prandtl number

pressure

coordinate control function

radius of cylinder

Reynolds number, 2RU../v

radial coordinate

temperature

surface temperature

freestream temperature

time

freestream velocity

x-velocity component

y-velocity component

x coordinate

y coordinate

thermal coefficient of expansion
boundary in the physical plane
boundary in the transformed plane
dimensionless transformed coordinates
plane angle

kinematic viscosity

density of fluid

stream function

vorticity
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Introduction

EAT transfer from a horizontal cylinder has been stud-
ied experimentally and theoretically because of its nu-
merous engineering applications. The first comprehensive ex-
perimental work on the effect of various parameters on the
rate of heat transfer from a circular cylinder was carried out
by Hatton et al.! In their work, heat transfer measurements
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were performed for Reynolds numbers up to 45 and Rayleigh
numbers up to 10. The effect of freestream direction on the
heat transfer process was also investigated by Hatton et al.
Gebhart and Pera? studied the same problem for various Prandtl
numbers, but restricted their study to very small Reynolds
numbers. Sharma and Sukhatme? investigated the phenom-
enon experimentally for high Reynolds and Grashof numbers
(Re up to 5 x 10%, and Gr up to 7 x 10%). Criteria for
transition from free to combined to forced convection were
suggested. The influence of flow direction on combined heat
convection from a horizontal cylinder to air was studied ex-
perimentally by Oosthuizen and Madan.*

Although many experimental studies have been performed,
it seems that theoretical studies are relatively rare, and most
of them have been limited to the boundary-layer type. The
problem of cross-mixed convection from a horizontal circular
cylinder was investigated by Badr® with Reynolds number 1
< Re < 40 and Grashof numbers up to Gr/(Re*) = 5. His
study was based on the solution of the full Navier-Stokes and
energy equations for two-dimensional flow. The details of the
steady velocity and thermal boundary layers were obtained
and accordingly the variation of vorticity, pressure, and local
Nusselt number around the cylinder surface were also plotted.
Jain and Lohar® have treated the unsteady mixed convection
about a circular cylinder with Re = 100 and 200. However,
their flow was restricted to the transient state only (¢t < 20).
Armaly et al.” prescribed the correlation equations for mixed
convection flow across horizontal cylinders and spheres in air.

In this work, the problem of mixed convection from a hor-
izontal isothermal cylinder is considered. The forced flow is
assumed to be perpendicular to the direction of free convec-
tion. The Navier-Stokes equations and the energy equation
for an unsteady incompressible fluid flow are solved by the
use of a body-fitted coordinate system and the spline alter-
nating direction implicit (SADI) method.*~'! Results are pre-
sented for Reynolds numbers from 20 to 100, with Grashof
numbers up to Gr = 5Re?. The Prandtl number was kept at
a constant value of 0.7. For flows around bluff geometries
with flow separation, the finite difference method, or the finite
element method are found to be inadequate. It needs a lot
of grid and computer time to calculate the logarithmic trans-
formation of the radial coordinate. It may lead to poor ap-
plication of the boundary condition by using the interpolation
between grid points to represent boundary condition on a
curved boundary. It also needs a finer element or grid size to
calculate large gradient accurately near the wall. Therefore,
it takes a large amount of computer storage and computational
time. With the above reason, this article prescribes a trans-
formation of the physical flowfield for arbitrary geometry to
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Fig. 1 Transformation of the solution domain: a) physical and b)
transformed plane.
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Fig. 2 Body-fitted coordinate system.

a rectangular computational domain with coordinate lines co-
inciding with all boundaries of the flow region.

Mathematical Formulation

Consider the problem of R and an isothermal surface with
T,, placed in a uniform T, and velocity U. The forced flow
is assumed to be perpendicular to the direction of free
convection. The effect of temperature variation on fluid
properties is assumed negligible and the fluid is incompres-
sible. The cylinder’s end effects on the velocity and temper-
ature field are neglected and accordingly the flow is assumed
two dimensional. The transformation of the solution domain
is shown in Fig. 1. Figure 1a presents the computational do-
main in the physical plane, whereas Fig. 1b shows the pro-
posed boundaries of the flow domain in the transformed plane.

The dimensionless governing equations can be written as fol-
lows:

energy equation

aT 2 2
at gy ox  Oox 3y  RePr\oax*  ay?

RE=20. PR=0.7 GR=2000. STREAMLINES

Fig. 3 Steady-state streamline patterns for different values of Gr at
Re = 20.
vorticity equation

do | Wow o _ 2 (62w N 62w>

_____ Gr of
ax ay?

* 2Re? dx 2)

2

at dy dx

stream function equation

2 2
R G)
ox~ ay*?

The above equations have been written in terms of the
following dimensionless quantities:

- ﬁ * X o L o _l’_l_
YTk Y Tr T TR Y TU
; v p wR
vt = —, p* = 2 Wt = — 4)
U pU* U
4 T-T., tU
L. T* = , ® o
¥ = UR T -1 ' TR

In the following the notation * is omitted for convenience.
The dimensionless initial conditions are

$=0, w=0 T=0 (5)
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Fig. 4 Steady-state streamline patterns for different values of Gr at
Re = 40.

The boundary conditions on the cylinder are

on the boundary I';

T=1, ¢=0 o=-Vi (6)

on the boundaries I[';, Iy, ['¢, and I';

T=0, ¢=[r—(U]sing =0 (7)

on the boundary I';

T
o _o W_y ey ®
ox ox dax

Numerical Procedure

The governing equations, initial, and boundary conditions
can be expressed in body-fitted coordinates. The boundary-
fitted physical coordinate system is created using the method
of Thompson et al.’>~'® The domain of solution considered
in this study extended to a downstream distance of approxi-
mately 38R from the center of the cylinder, and to an up-
stream distance of 10R. In order to create grid lines conven-
iently, the whole computational domain was divided into two
subregions, region-1 and region-2. In Fig. 1, region-1 is a
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Fig. 5 Effect of Gr on the steady velocity pattern at Re = 20.
simply connected region, and region-2 is a multiple connected

region around the cylinder. The curve GD is the interface of
the two subregions. It was assumed to satisfy the elliptical

curve
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where a = 5, b = 3.

In this method, the following system of Poisson equations
must be solved:
(10a)

(10b)

il

.+ &, =P 1)
N T 10, = QM)

Where P and Q are the coordinate control functions that
provide the control of the mesh distribution. Since it is desired
to perform all numerical calculations in the transformed plane,
the dependent and independent variables must be inter-
changed in Egs. (10a) and (10b). The transformed equations

are

OXge — ZBX& T Yy = —Jz(ng + an) (1121)
Yy = 2BVey + VW = —JH(Py. + Qy,)  (11b)
where
a_x2+y3;’ B:xﬁxn+yéyn’ y:xg-i-yﬁ

=XV, — X, y. 0
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Fig. 6 Effect of Gr on the steady velocity pattern at Re = 40.

The difficulty of interior grid control has been overcome
by devising general source terms P and Q that are computed
from the Dirichlet boundary values. The source terms have

the form

P
Q

(& M(E + £3) (12)
(& m)(ni + nd)

I}

where the parameters ¢, ¢ are yet to be specified. Based
on introducing these terms, Eqgs. (11a) and (11b) assume the

form

alx, + dx.) — 2Bx,, + y(x,, + ¥x,) =0 a3
a(yee + PYe) — 2BVey + ¥V + ¥y,) = 0

It is clearly shown that Egs. (13) possesses exponential
solutions if the parameters ¢, ¢ are locally constant. If a set
of boundary values (x, y) on the boundary of the computa-
tional domain is given, one can determine the parameters by
requiring that the given boundary values satisfy appropriate
limiting forms of Egs. (13) along the boundary of the com-
putational domain.

The transformed Eq. (11) was solved with the successive
over relaxation (SOR) method. Once a grid is generated,
the values of the coefficients «, 8, y, and J are evaluated
and stored for use in the solution of the governing equations.
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Fig. 7 Steady-state isotherms for different values of Gr at Re = 20.

The governing Egs. (1-3) in terms of the transformed co-
ordinates are

T, + (W)W, Te = ¥T,) = (URePr)[(1T*)(aT

+ 9T,,) + P& )T + O n)T,] (14)
w + (W)Yo, — do,) = 2/Re)[(11J?)(aw,
+ yw,,) + P& ne, + 0 no,] (15)
(W) are + ibon) + P& e + O, My, = —azlé)
where
@ = x5+ yh, ¥y =Xityi

P(g, m) = && M(l?), Q& m) = d(E )(v?)

In terms of the transformed coordinates, the initial con-
ditions become

T=0 (17)
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Table 1 Comparisons of average Nusselt number
Present work, Badr,*
Re Gr GriRe? Nu Nu
0 0.0 2.5806 2.54
100 0.25 2.5873 2.52
20 500 1.25 2.690 2.65
1000 2.5 2.911 2.85
2000 5.0 3.240 3.10
0 0.0 3.470 3.48
400 0.25 3.481 3.49
40 2000 1.25 3.583 3.60
3200 2.0 3.780 3.76
RE=40. PR=0.7 GR=0. ISGTHERMS 6400 4.0 4.228 4.17
—
RE=40. PR=0.7  GR=2000. ISOTHERMS
RE=60. PR=0.7 GR=L£000.
a)
RE=40. PR=0.7 GR=5400. ISOTHERMS

Fig. 8 Steady-state isotherms for different values of Gr at Re = 40.

on the boundary '

T=1, W(é 1,1 =0, z//,7=1/;§=0
WE 1, 1) = — (1) (athy + Y, (18)

on the boundaries I';, I'%, I'%, and I'%

T n, 1) =0, w(é M t) =0
(& m,t) =[r — (Ur)]sin 6
Wy = uy, — vx,,  ,= uy, — vx, (19)
on the boundary I'%
T,=0, ¢,=0, w,=0 (20)

The transformed governing equations and boundary con-
ditions were discretized by using the cubic spline collocation
formulation.® The SADI procedure was applied to perform
the numerical computation. The calculation solutions appear
to be independent of grid distribution of 51 X 33, and the
spatial grid resolution was set as Aé = An = 1 as shown in
Fig. 2. To obtain a reasonably accurate solution small time
steps are reduced to the order of iRe in the initial phase to
resolve the motion of the fluid. Time steps were subsequently
increased to values of 1/Re or 2/Re without significant in-

RE=100. PR=0.7 GR=16000.
b)

Gr = 16,000, Re =100, Ri=1.%

Fig. 9 Comparison of the steady-state isotherms between the inter-

ferometer photograph of Krause and Tarasuk'® and the present re-
sults.
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Fig. 12 Variation of the steady Nu around the cylinder surface for
different values of Gr at Re = 20.

creases in the number of iterations required to converge each
step.

The convergence criteria for the stream function, vorticity,
and temperature were

max|yirt = g
ig _
nj
i
max|wft! = wf;
J —
max|of ] 107 (22)
oy
i
max| T — T
ij
max|Tf;"! =10 (23)
' &t

ij

where s and k are the iteration number. After convergence
of the numerical solution has been achieved, the local and
the average Nusselt numbers can be calculated as

Nu = (2Rh/k) (24)

27

1
Nu = —

= Nu dé (25)
21r Jo

Results and Discussion

Figures 3 and 4 show the streamline patterns when Re =
20 and 40 for different values of Gr. It is clear from these
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Fig. 13 Variation of the steady Nu around the cylinder surface for
different values of Gr at Re = 40.

figures that the rear stagnation point and reattachment point
move upward significantly with the increase of Gr/Re>. This
is mainly because the buoyant forces are aiding the acceler-
ation of flow downstream of the cylinder.

The effect of Gr on the velocity field is presented in Figs.
5 and 6. It can be seen from these figures that the reverse
flow in the wake of the cylinder is strongly influenced by the
ratio Gr/Re?. It is also seen that there is no reverse flow taking
place at large values of Gr/Re?, and the vortices completely
disappear.

The isotherms for different values of Gr are given in Figs.
7 and 8. It can be seen that the temperature field is almost
symmetrical at small values of Gr. With the increase of Gr
the point of separation moves upward and the isothermal
pattern changes accordingly.

In Figs. 9a and 9b the computed isotherms are compared
with the interferometer photograph of Krause and Tarasuk!'®
for Gr = 16,000 and Re = 60 and 100. The agreement is
good. .

The variation of Nu with time is shown in Figs. 10 and 11.
When Re = 20 and 40 for different values of Gr, with the
increase of the thermal boundary layer and the Nu decreases
accordingly. The average Nusselt numbers obtained in the
present work are in good agreement with the results of Badr?
as shown in Table 1. The large difference occurs at high Gr
within 4.5%.

The variation of Nu around the cylinder surface is shown
in Figs. 12 and 13 for Re = 20 and 40, respectively. For forced
convection case (Gr = 0) Nu is maximum at § = 180 deg,
and Nu is minimum at 6§ = 0 deg. With the increase of
Gr the maximum value of Nu continues to occur near 6 =
180 deg, and the point of minimum Nu moves upward to-
wards 8 = 90 deg. It is also seen that increasing Gr tends to
increase Nu.

Conclusions

A numerical solution has been obtained for the problem of
cross-mixed convection from a circular cylinder. The govern-
ing equations expressed in the body-fitted coordinates were
solved numerically by the SADI method. Good agreement
was found with experimental data. The streamline and
isotherm patterns are presented to show the details of
the velocity and temperature fields. The method is confirmed
to apply successfully to the problem of cross-mixed convec-
tion.
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